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In this note we show that the sum of two strictly (co)singular operators 
between locally convex Hausdorff spaces need not be strictly (co)singular. This 
result gives a negative answer to a problem of D. van Dulst (1970) and to a 
problem of V. Wrobel (1979). 
A continuous linear operator T: E-+F between locally convex Hausdorff 
spaces E, F is called strictly singular, if there exists no infinite dimensional linear 
subspace LcE such that the restriction T/L : L-T(L) is a topological 
isomorphism (see D. van Dulst [3; p. 3571). T is called strictly cosingular, if 
there exists no closed subspace McF of infinite codimension such that the 
composition Qo T: E-+F/M is an open surjection, where Q : F-+F/M denotes 
the quotient map (see A. Perczynski [4] and Yu.N. Vladimirskii [5]). 
It has been proved in [3] (resp. [6]) that under additional hypotheses on E and 
F - involving B-completeness - the set of all strictly singular (resp. strictly 
cosingular) operators from E into F is a linear subspace of the space L(E, F) of 
all continuous linear operators from E into F. In the case of general locally 
convex Hausdorff spaces the question remained open, whether the sum of two 
strictly (co)singular operators is again strictly (co)singular, see D. van Dulst [3; 
p. 3681 and V. Wrobel [6; p. 11. 
Let X be an infinite dimensional linear space, let r be a norm topology on X, 
and let cz denote the coarsest topology on X such that every linear form on X is 
a-continuous. Clearly, cr coincides with the weak topology a(X,X*), where X* 
is the algebraic dual of X. By ZVCT we denote the supremum of the topologies T 
67 
and o. Moreover, let r~ Q denote the finest locally convex topology on X which 
is coarser than r and coarser than Q. By N. Bourbaki [I; Ch. II, $6, exercise I], 
r~cr is a weak topology on X; consequently, rl\a coincides with the weak 
topology 0(X,X’), where x’ denotes the topological dual of the normable space 
WY 7). - In the following two examples we will use the three locally convex 
Hausdorff spaces 
E:=(X,sVa), 
F:=(X,z)x(X,a) (direct product), and 
G:=(X,zr\a). 
EXAMPLE 1. The linear and injective operators 
Sl : E-‘F, S(x) := (x, 0) (x~ X), 
S2 : E-+F, Sz(x) := (0,x) (XE X), 
are clearly continuous. We show that they are both strictly singular. In fact, let 
LcE be a linear subspace of infinite dimension. Then the relative topology 
(t v a) 1 L induced by r v o on L coincides with the supremum (t 1 L) V (~7 1 L) of 
the relative topologies t ) L and cr 1 J!,. Moreover, every linear form on L is (a 1 L)- 
continuous. As dim L = 00 and as rI L is a norm topology, (L, tl L) admits 
discontinuous linear forms. Thus o IL is not coarser than T IL, whence r/L is 
strictly coarser than (r 1 L) v (cr I L) = (TV a) I L. Consequently, SI IL : L-+Sl(L) is 
not a topological isomorphism. - On the other hand, the norm topology 7 1 L 
is not coarser than the weak topology o/L (see [l; Ch. II, $6, exercise l]), 
whence CT IL is strictly coarser than (r I L) v (a IL) = (TV 6) IL. Consequently, 
S2/ L : L+S2(L) is not a topological isomorphism. 
The sum 
Sl + S2 : E+F, (Sl + &)(x) = (x,x) (x E X), 
however, is a topological isomorphism onto its image by [2; p. 402, Lemma 
la)]. Consequently, Sl + S2 is not strictly singular. 
EXAMPLE 2. The linear and surjective operators 
TI : F-+G, Tl(x,y) :=x (X,YE X), 
T2 : F-+G, Tz(x,y) :=y (x,y E X), 
are clearly continuous. We show that they are both strictly cosingular. In fact, 
let McG be a closed linear subspace of infinite codimension, and let 
Q: G-+G/M denote the quotient map. Since the quotient topology 
(r A a)/M= a(X, X’)/M on the factor space X/M= G/A4 is a weak topology, the 
norm topology r/M is strictly finer than (tAo)/k? This easily implies that 
Qo Tl : FdG/M is not open. - On the other hand, every linear form on X/M 
is continuous w.r. to the quotient topology a/M, whereas the norm topology 
t/M admits discontinuous linear forms. Thus a/M is not coarser than t/M, 
whence a/M is strictly finer than (rAa)/M. Again we obtain that 
QoTz : F-G/M is not open. 
68 
The sum 
TI+ Tz: F-‘G, (TI+ T2)(x,y)=x+y (x,y~.X), 
however, is an open surjection by [2; p. 402, Lemma la)]. Consequently, 
TI + T2 is not strictly cosingular. 
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